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Ab s t r o c  t 

S ta rk  broadening c a l c u l a t i o n s  of i s o l a t e d  n e u t r a l  atom l ines  i n  t h e  

c l a s s i c a l  pa th  approximation u s u a l l y  involve  an e l e c t r o n  (moving along a 

s t r a i g h t  l i n e  pa th )  i n t e r a c t i n g  d i r e c t l y  wi th  t h e  atom. Cor re l a t ions  be- 

tween t h e  e l e c t r o n s  are then taken i n t o  account by imposing a c u t o f f  i n  

t h e  i n t e r a c t i o n ,  when t h e  d i s t a n c e  from t h e  atom, p ,  exceeds t h e  Debye 

l eng th ,  pD. 

t o  replace t h e  d i r e c t  i n t e r a c t i o n  of t h e  e l e c t r o n  by a Debye-shielded in-  

t e r a c t i o n .  The func t ions  A,  B,  a and b which are requ i r ed  i n  t h e  theory 

A more c o n s i s t e n t  procedure f o r  t h e  c o r r e l a t i o n  e f f e c t s  is 

when t h e  Debye-shielded i n t e r a c t i o n  is used are considered i n  d e t a i l  i n  

t h i s  r e p o r t .  

be  c l o s e l y  reproduced by us ing  unshielded func t ions  i n  conjunct ion  with 

an upper cu tof f  of 0.68 p De 
genera te  t h e s e  func t ions  w r i t t e n  by U. Palmer  of JTLA. 

When p/pD < 0.1,  i t  is found t h a t  t h e  a and b f u n c t i c n s  may 

I n  t h e  appendix i s  a computer program t o  
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1. In t roduc t ion  

Ca lcu la t ions  of the broadening by e l e c t r o n s  i n  the impact approxima- 

t i o n  u s u a l l y  involve  the eva lua t ion  of an ope ra to r  ( t h e  (b opera tor )  i n  

which t h e  classical  pa th  S-matrices f o r  t h e  e l e c t r o n  c o l l i s i o n s  have been 

expanded t o  second o rde r  ( see ,  f o r  example, Refs. 1, 2 and 3 ) .  

orde r  terms i n  t h e  expansion are then accounted f o r  by a lower cu tof f  i n  

t h e  i n t e g r a l  over  impact parameters ,  and t h e  e f f e c t  of e l e c t r o n  co r re l a -  

t i o n s  is  included by an upper cu tof f  a t  an impact parameter .at t h e  o rde r  

of t h e  Debye length .  

t ive  numerical  procedure t o  t h e  use  of t h e  upper cu tof f  (a l though w e  w i l l  

show i n  Sec. 6 t h a t  a jud ic ious  choice of upper cu tof f  w i l l ,  under some 

circumstances,  reproduce our r e s u l t s .  

Higher 

The purpose of t h i s  r e p o r t  i s  t o  g i v e  an a l t e r n a -  

More r ecen t  has  shown t h a t  t h e  broadening ope ra to r  f o r  

t h e  complete l i n e  p r o f i l e  which is c o r r e c t  t o  second o rde r  i n  t h e  i n t e r -  

a c t i o n  p o t e n t i a l  V( t )  can be expressed ( f o r  l a> ,  l a ' ;  matr ix  elements) ,  

us ing  Eq. ( 4 9 )  of Ref. 4 ,  as 

Here in te rmedia te  states Ik> have been e x p l i c i t l y  i n s e r t e d  and Aw 

frequency d i f f e r e n c e  of t h e  r a d i a t i o n  from t h e  in t e rmed ia t e  state.  This 

r e s u l t  w a s  o r i g i n a l l y  obtained by BAranger 

is  the k 

i 

6 '  
from a wing expansion, r a t h e r  

than t h e  more complete genera l  theory.  

po r t an t  consequences, s i n c e  i t  shows [see Eq. (1 .3)  below] t h a t ,  i n  t h e  

c o r r e c t  second-order t rea tment ,  func t ions  l i k e  A(z z ) as introduced i n  

Ref. 3 corresponding t o  off-diagonal  elements of t h e  broadening ope ra to r  

are needed only f o r  t h e  s imple case of z1=z2* 

In  particular t h i s  result h a s  im- 

1 9  2 
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P u t t i n g  t h e  p o t e n t i a l  V( t )  equal  t o  t h e  d i p o l e  i n t e r a c t i o n  - $ e % ( t )  

+ 
where E ( t )  i s  t h e  e lec t r ic  f i e l d  due t o  a l l  t h e  e l e c t r o n s ,  w e  see t h a t  

Eq. (1.1) involves  t h e  eva lua t ion  of t h e  electric f i e l d  a u t o c o r r e l a t i o n  

func t ion ,  namely: 

This  func t ion  has  been examined i n  R e f s .  7 and 8. I n  p a r t i c u l a r ,  i t  i s  

p o s s i b l e  t o  eva lua te  t h e  electric f i e l d  average as i f  each e l e c t r o n w e r e  an 

independent q u a s i - p a r t i c l e  i n t e r a c t i n g  with t h e  r a d i a t i n g  atom through i ts  

dynamically screened e lectr ic  f i e l d .  The f u l l  eva lua t ion  of t h e  dynamic- 

a l l y  screened p o t e n t i a l  r e q u i r e s  t h e  use  of t h e  wave number and frequency- 
+ + + +  

dependent d i e l e c t r i c  cons tan t  E (k ,kev) ,  however, t h e  dominant con t r ibu t ion  

t o  g(Aw) i s  from t h e  reg ion  where Aw - Q, kev [and i n  f a c t ,  k * v  i s  set equal  

t o  Aw f o r  t h e  real p a r t  of g(Aw) 1. I n  genera l ,  t h e  f u l l  eva lua t ion  of 

g(Aw) i s  q u i t e  c ~ m p l i c a t e d , ~ ’ ~  b u t ,  when bw 

+ +  + +  

8 

w ( t h e  plasma frequency) 
P 

t h e  dynamic d i e l e c t r i c  cons tan t  can b e  approximated by t h e  s t a t i c  d i e l e c t r i c  

cons tan t  and t h e  sh i e lded  f i e l d  is  t h e  Debye-screened f i e l d .  When Aw >> w 

unshielded f i e l d s  must b e  used. 

P’ 

I n  t h i s  r e p o r t ,  w e  cons ider  t h e  eva lua t ion  of t h e  second-order terns 

using s t a t i c  Debye-screened f i e l d s .  This  i s  t h e r e f o r e  only s t r i c t l y  cor- 

rect when Aw ( t h e  frequency s e p a r a t i o n  t o  t h e  in t e rmed ia t e  state) i s  less 

than  w j however, c o r r e l a t i o n  and s h i e l d i n g  are most important i n  t h i s  reg ion  

where t h e  l i n e s  of t h e  spectrum are overlapping o r  s t a r t i n g  t o  overlap.  I n  
P 

a d d i t i o n ,  when Aw >> w t h e  d i f f e r e n c e  between us ing  s ta t ic  Debye-screened 

f i e l d s  and unshielded f i e l d s  i n  Eq. (1 ,2)  is  n e g l i g i b l e ,  and t h e  va lue  of 

Eq, (1.2) i s  q u i t e  small i n  any case. F i n a l l y ,  by comparison wi th  t h e  re- 

P 
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s u l t s  of Ref. 8 [ i n  p a r t i c u l a r  f o r  t h e  real p a r t  o f  ~ ( A u ) ]  e r r o r s  i n  t h e  

reg ion  Aw zw 
l a r g e ,  provided g(Aw) i s  no t  apprec iab ly  enhanced i n  t h i s  reg ion  due t o  

i n s t a b i l i t i e s  and o t h e r  non-thermal e f f e c t s  

from t h e  use  of Debye-screened f i e l d s  are n o t  expected t o  b e  
P 

To relate Eq. (1.2) t o  t h e  usua l  A and B func t ions ,  i t  is  necessary  

t o  rewrite it  s l i g h t l y .  Since t h e  e l e c t r o n s  act  as independent quasi-part-  

i c les  t h e  average i n  Eq. (1.2) may he w r i t t e n  i n  terms of i n t e g r a l s  over  

t h e  frequency of c o l l i s i o n s  dv (an i n t e g r a l  e s s e n t i a l l y  o v e r , v e l o c i t i e s  

and impac t  parameters)  and t h e  t i m e  of c l o s e s t  approach t (see for exam- 
0 

p l e  s e c t i o n  4B of 

Thus 

i A w  t 1:. 
Ref 4 and Ref l o ) .  

{3(t)?i(O) lAv dt 

where 2 r e p r e s e n t s  t h e  

sh i e lded  f i e l d  8 
-f S 

= f -m d t o  id. rdteiAWt 0 -+ E S (t+to)Es(to) 

= J dv 

00 

= J dv dxl 
00 

i A w  (x1-x2) xl=t+to 

x =t 
Es(x )z (x  ) wi th  

2 0  l s 2  ._ dxle 

by us ing  t h e  D i r i c h l e t  i n t e g r a l  formula [see Eq. (57), Ref. 41. 

2. The Shielded Broadening Functions 

Thus, us ing  s ta t ic  Debye-screened f i e l d s  i n s t e a d  of pure Coulomb 

f i e l d s ,  which amounts t o  mul t ip ly ing  t h e  l a t te r  by ( l+r /P )exp(-r/PD), t h e  

usua l  second-order t i m e  is  rep laced  by 

D 
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F(z ,z ' ;q )  = A + i B  = 

where 
2 1 / 2  

9 (2.2) 
-3/2e-q (l+x ) 

= (kT/4aNe 2 ) 112 
pD 

z = po/v, z '  = p w q / v ,  q = p/pD, p is t h e  impact parameter,  

t h e  Debye l eng th ,  and v t h e  e l e c t r o n  v e l o c i t y .  It i s  e a s i l y  seen  t h a t  t h e  

new A and B func t ions  possess  t h e  same symmetry p r o p e r t i e s  as t h e  unshielded 

ones,  v i z .  ' 3  

A(z ,zP;q)  = A(ZP,Z;q) = A(-z,-z';~) , (2.3) 

B(z,z ' ;q)  = B(Z',Z;q) = - B ( - z , - z ' ; ~ )  . (2.4) 

The gene ra l  expression i n  Eq. (2.1) should be  used i n  t h e  impact 

theory" t o  compute t h e  matrix elements of t h e  broadening ope ra to r  f o r  

l i n e s  wi th  forbidden components ( f o r  an  i s o l a t e d  l i n e  z v  = z ) .  However, 

as s t r e s s e d  earlier, i n  t h e  u n i f i e d  theory  approach only "diagonal" func- 

t i o n s  wi th  z = z '  = P A W  /v w i l l  occure  Of course ,  no upper cu to f f  on im- k 
pac t  parameters i s  requi red  wi th  t h e  new func t ions .  

S t i ck ing  t o  real i n t e g r a t i o n  v a r i a b l e s  i n  Eq.  (2.1) s imple  p a r i t y  

cons idera t ions  show t h a t  t h e  A-function is given by 

A = [dx g(x;q)cos(zx)  dxP g ( x p ; q ) c o s ( z s x ' )  c 
dx xg(x ;q)s in(zx)  dx9  x 'g(x '  ; q ) s i n ( z ' x ' )  .I (2.5) 

11 

+i, 1: 
The necessary Four i e r  t ransforms are r e a d i l y  obtained from 
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2 2 112 
[dx x ( a  +x ) -1'2e-q(a +x s i n ( z x )  = Orz(z2+q2)-1'2K1[a(22+q2)1'2]1 (2.7) 

by d i f f e r e n t i a t i o n  wi th  r e spec t  t o  a. Here K and K are modified Bessel 

func t ions  of t h e  second kind. Hence: 

0 1 

A(z,z ' ;q) = zzvK0(R)KO(Rq) + RRsK1(R)K1(R') , (2.8) 

where w e  have pu t  f o r  S r e v i t y  

2 2 1 1 2  2 2 1 / 2  R = (Z +q ) -, R'  = (2 '  +4 ) 

For t h e  d iagonal  func t ion  w e  g e t  

A(z,z;q) E A(z;q) = z2KO2(R) + R 2 2  K1 (R) 
(2.10) 

Since z ,  z ' ,  and q are a l l  p ropor t iona l  t o  p 9  t h e  i n t e g r a t i o n  over  t h e  

impact parameter (now from p t o  m )  can be  expressed i n  term of min 

(2 I l l )  

which r ep resen t s  t h e  n a t u r a l  g e n e r a l i z a t i o n  of t h e  func t ion  a (z)  of GBKO. 

To save space,  w e  g ive  he re  t h e  r e s u l t s  only f o r  t h e  case z = z ' :  

(2 0 12)  

It is  a l s o  convenient t o  in t roduce  i n  E q s .  (2.10),  (2.12),  a new 

parameter z = z/q = pDhw/v9 s o  t h a t  R = $2, with  B = ' ( l + l / z D  '2)1/2. For D 
z 

when Aw >> w u s ing  e i t h e r  sh i e lded  f i e l d s  o r  unshielded f i e l d s  i n  Eq. (1.2) 

g ives  t h e  same r e s u l t s .  A s  w e  have s a i d  be fo re ,  t h e  f a c t  t h a t  w e  g e t  t h e  

c o r r e c t  answer i n  t h e  important l i m i t  of Aw << w and t h a t  both sh i e lded  and 

unshielded f i e l d s  g ive  n e a r l y  i d e n t i c a l  r e s u l t s  when Aw >> w 

j u s t i f i c a t i o n  f o r  t h e  func t ions  presented  he re .  

'L A w / w p  >> 1 one has  A(z;z/z ) 2 A(z) and a(z;z/zD) 2 a ( z ) .  Therefore ,  D D 

P' 

P 

i s  t h e  main 
P 
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3. 

A convenient way t o  c a l c u l a t e  t h e  B func t ion ,  once A i s  known, is  pro- 

Dispers ion  Rela t ions  f o r  Off-Diagonal Broadening Funct ions 

vided by t h e  d i spe r s ion  r e l a t i o n ,  which expresses  B as a H i l b e r t  t ransform 

of A. This method has  been ex tens ive ly  used i n  t h e  p a s t  t o  compute va r ious  

d iagonal  B func t ions  c o n t r i b u t i n g  t o  t h e  broadening of i s o l a t e d  l i n e s  e m i t -  

t e d  by n e u t r a l  atoms and p o s i t i v e  ions .  ''l2-l4 

s i o n  r e l a t i o n s  merely r e f l e c t  t h e  a n a l y t i c i t y  of t h e  second-order t i m e  in-  

I n  both  cases t h e  d isper -  

t e g r a l  w i t h  r e spec t  t o  one of i t s  parameters ,  considered as a complex vari- 

ab le .  

The ex tens ion  t o  off-diagonal  func t ions  must b e  done wi th  some care. 

I n  t h i s  case i t  i s  b e t t e r  t o  in t roduce  an a u x i l i a r y  complex v a r i a b l e ,  wh i l e  

keeping a l l  phys i ca l  parameters real ( t h e  d i spe r s ion  r e l a t i o n s  given re- 

cently" f o r  t h e  n e u t r a l  func t ions  A(z,pz) and B(z,pz) ,  where p = z ' / z  i s  

a real  f i x e d  r a t i o ,  are wrong, s i n c e  f o r  p # 1 t h e  t i m e  i n t e g r a l  does n o t  

possess  t h e  r equ i r ed  a n a l y t i c  p r o p e r t i e s  when z i s  allowed t o  t a k e  complex 

va lues ) .  For i n s t a n c e ,  from t h e  s t r u c t u r e  of E q .  ( 2 # 1 ) :  

X i (zx-z 'x ' )  , (3.1) dx' f (x ,x ' ; q )  e 
-m 

F(z , z ' ; q )  = j:m dx j 
i t  is  apparent  t h a t  f o r  any real z ,  z ' ,  and q - > 0 ,  t he  func t ion  Y'(r;)  = 

F(z+r;,z'+<;q) is  holomorphic i n  the  upper ha l f -p lane  Imc>O.  Applying t h e  

usua l  a n a l y s i s ,  based upon Cauchy's theorem and t h e  well-known r e l a t i o n  

l / ( < - i o )  = P(l/<) + i.ir6(r;), one r e a d i l y  g e t s  



-8- 

whence 

o r  a l t e r n a t i v e l y  

Notice t h a t  Eq. ( 3 . 3 )  can b e  given a l s o  t h e  equ iva len t  form 

.from which t h e  s i n g u l a r i t y  has  been removed. 

Although t h e  above r e l a t i o n s  allow us i n  p r i n c i u l e  t o  compute B t o  the  

des i r ed  accuracy,  i n  p r a c t i c e  t h e  l i m i t i n g  process  inhe ren t  t o  a l l  of  them 

might become sometimes a s e r i o u s  source  of t roub le .  

4 .  Complex I n t e g r a t i o n  

W e  s h a l l  now apply t o  t h e  sh ie lded  case t h e  powerful contour in t eg ra -  

t i o n  method which l e d  t o  closed-form expressions f o r  both A and B i n  t h e  

To t h i s  end w e  assume z > z' > 0 ,  and make l6 non-shielding l i m i t  q = 0. - 
t h e  change of v a r i a b l e s  x = s i n h  u, x '  = sinh u' e 

b e  r e w r i t t e n  as 

Equation ( 2 , l )  may then  

where 

l+q cosh u .-q cosh u +iz s i n h  u 
du s i n h  u 2 o p ,  ( 4 . 2 )  

cosh u 

wi th  
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and 

$,(u) 9 ( 4 . 4 )  
l+q cosh U 

eosh u 

.-q cosh u + i z  s i n h  u 
F2 = [, du 2 

with 

l+q cosh u '  -q cosh u '  - i z ' s i n h  u '  . (4 .5 )  e 2 cosh u' 
$,(u) = 

L e t  u s  f i r s t  eva lua te  F1* Since 

( 4 . 6 )  
l+q cash x e-q cash x = 

2 s i n h  x 
cosh x 

i n t e g r a t i o n  by p a r t s  g ives  

(4.7) -q cosh u - i z ' s i n h  u $,(u) = - ( l / cosh  u) e - i z '  $,(u) 

where 

(4 I 8 )  

and f u r t h e r  

l+q cosh u .-2q cosh u + i q  s i n h  u 
3 du s i n h  u 

cosh u 
2F1 = - 

-2q cosh u + i n  s i n h  u - i z '  (du/cosh u)  e + zz'G1 ( 4 . 9 )  

where rl = z-z' > 0 ,  and - 

-q cosh u s  - i z '  s i n h  u p  

( 4  e 10) 

-q cosh u + i z  s i n h  u 
G1 = 

du e 
--oo 
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Defining 

t a n  01 = q/z,  t a n - a '  = q/z '  (0  5 01 a' ~ / 2 )  (4.11) - 
w e  may rewrite G as 1 

iR s i n h  (u4ia) d u ~  e -iR' s i n h  (u'--ia') 
GI = [/u e I" (4.12) 

wi th  R,R' given by Eq. (2.9) and R - > R'. 

We now cons ider  u and u '  as complex v a r i a b l e s  and t ransform Eq. (4.12) 

i n t o  a repea ted  contour  i n t e g r a l  GI = ir du ... i du' ... wi th  t h e  con- 

t o u r s  shown i n  Fig.  1. It is  e a s i l y  seen  t h a t  t h e  c o n t r i b u t i o n  of t h e  
r u 

Figure 1 
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segment CD vanishes ,  s i n c e  dug  is an odd func t ion  of u ,  and there-  

f o r e  
/: 

'IT-a-CY ' -R' cosh (u+ie - de e - -R'cosh .u' + lo 1" du 'e  -R cash u 

= 2 K ~ ( R ) K ~ ( R ' )  + i Ifl ( 4  13) 

where 

-R cosh u - R' cosh(uSi0) 'IT-a-a ' 
M1 = io dB [:ue (4.14) 

After  s h i f t i n g  t h e  u i n t e g r a t i o n  from t h e  r e a l  a x i s  onto t h e  l i n e  

I m  u = - x(u  -f u-ix) ,  wi th  x given by t an  x = R's in  8/(R + R'cose) > 0 ,  

and changing 0 i n  'IT - 28, one g e t s  

( 4  e 15) 

where 

The second term F i n  Eq. (4.1) can be  t r e a t e d  i n  a similar manner, 2 

bu t  t h e  c a l c u l a t i o n  i s  s l i g h t l y  more cumbersome. S t a r t i n g  from 

-4 cash x + q cosh x e e l+q cash x .-q cash x = 
2 9 cosh x 

( 4  17) 
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one f i r s t  ob ta ins  by p a r t i a l  i n t e g r a t i o n  

l+q cosh u 

cosh u 

.-2q cosh u + i n  s i n h  u 
3 2F2 = s i n h  u 

(4 .18)  

-2q cosh u + i o  s i n h  u du tanh u ( q  cosh u f i z ' s i n h  u) e + R.R'G2 , - i_, 
where 

co U 
- i R v  s inh  ( u  -ia ' ) du' s i n h ( u ' - i a ' ) e  , 

i R  s i n h  (u+ia) 
G2 = du s i n h  (u+iu> e 

-03 J -co 
(4 .19)  

By contour  i n t e g r a t i o n  t h i s  can be  reduced f u r t h e r  t o  

(4.20) 

where 
[ T I 2  

de  K1(S)/S 2 
j de s i n  8 K o ( S )  + 4 

(a+a')/2 

M2 = 4 
(a+u ) / 2 

With F1 determined from Eqs. (4.91, (4.13) and (4.151, and F2 from Eqs. 

(4.181, (4.20) and (4.211, w e  go back t o  E q .  (4.1) and s e p a r a t e  t h e  real  and 

imaginary p a r t s  of F. This y i e l d s  f o r  A t h e  closed form express ion  a l ready  

found i n  Sec. 2: 

A(z,z';q) = z z'Ko(R)Ko(R') + R R'K1(R)K1(R') (4  e 22) 

and f o r  B t h e  i n t e g r a l  r ep resen ta t ion  
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B(z,z ' ;q)  = -q(z+z')K1(SO)/SO + 2 2 ~ '  f '2  de Ko(S)  

(a+a') / 2  

de s i n  2 0 KO(S) + 2RR' rl2 de K1(S)/S 
(a+a') /2 

r2 + 2RR' 

(a+a')/2 

(4.23) r l 2  d0 cos 2 0 K2(S) /S  2 - 2RR' (R-Rs ) 

(a+aP)/2 

2 where So = (TI +4q2)%$ and S is  given by Eq. (4,161 

The above form of B is n o t  q u i t e  s a t i s f a c t o r y  f o r  numerical  computa- 

t i o n ,  since i t  conta ins  terms which d iverge  i n d i v i d u a l l y  under certain cir-  

cumstances, a l though t h e  n e t  r e s u l t  will always b e  f i n i t e  ( f o r  i n s t a n c e ,  i n  

t h e  diagonal  case z '=z  t h e  f i r s t  t e r m  behaves l i k e  l / q  when q -+ 0 ,  and s o  

does t h e  f o u r t h ) ,  This d i f f i c u l t y  i s ,  however, e a s i l y  resolved by n o t i c i n g  

t h a t  S is  nothing b u t  t h e  v a l u e  of S a t  t h e  lower l i m i t  of  i n t e g r a t i o n  0 
0 = &(a+a'). Developing t h e  right-hand s i d e  of t h e  i d e n t i t y  

in 20 K1(S)/S (4.24) 
-q(z+z')Kl(So)/So = RR' 1 

(a+a ) / 2  

and s u b s t i t u t i n g  i n t o  Eq.  (4-23) then enables  us t o  e l i m i n a t e  t h e  unpleasant  

terms and eventua l ly  r e s u l t s  i n  t h e  new i n t e g r a l  r e p r e s e n t a t i o n  

de Ko(S) - 2RRs de cos 20 Ko(S) (4.25) 

(a+a ) / 2  

B(z,z ' ;q) = 2zzq 

(a+a ' ) /2  

which is the b e s t  w e  can g e t ,  

In view of the subsequent i n t e g r a t i o n  over  the impact parameter w e  de- 

f i n e ,  by analogy wi th  Eq.  ( 2 0 1 1 ) 9  t h e  func t ion  
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m 

b(z,z';q) = jl ~ B ( A z 9 X z s ; A q )  (4 e 26) 

which g e n e r a l i s e s  t h e  func t ion  b ( z )  of GBKO. S u b s t i t u t i n g  from Eq. (4.25) 

and n o t i c i n g  t h a t  a and a' do n o t  depend on A ,  one r e a d i l y  g e t s  

d0 cos  20 Kl(S)/S . 
(4.27) 

b (z , z ' ; q )  = 222' r'2 d0 Kl(S)/S - 2RR' 

(a+a ) /2  (a+a * 1 /2 

I n  t h e  d iagonal  case, Eqs. (4.25) and (4.27) s impl i fy  r e s p e c t i v e l y  t o  

dB K0(2Rsin e) - 2 R  d0 cos 20 K0(2Rsin 0)  

(4.28) 
B(z;q) = 22 

and 

- R 1 de cos 20 K1(2Rsin 0 ) / s i n  0 . 
c1 

(4.29) 

I f  w e  l e t  he re  q 4 0 w e  ob ta in  compact i n t e g r a l  r ep resen ta t ions  f o r  t h e  un- 

sh i e lded  s h i f t  func t ions  v i z .  

2 B(z) = 4z2 \:"de s i n  0 Ko(2zsin 0) , (4.30) 

b ( z )  = 2 2  de s i n  0 K1(2zsin 0) . ( 4  e 31) 

16 The connection wi th  t h e  c losed  form expressions r epor t ed  earlier 

vided by Nicholson's formula 

is  pro- 

17  
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v a l i d  when R is  an i n t e g e r ,  and IRe(v-n) I < 1, 

n o t  l i k e l y  t o  h o l  €or t h e  sh i e lded  €unct ions ,  which are represented  by in- 

complete i n t e g r a l s  wi th  a v a r i a b l e  l i m i t .  However, t h e  la t ter  are much eas- 

ie r  t o  handle  numerical ly  than t h e  p r i n c i p a l  va lue  i n t e g r a l s  i n  Sec. 3. 

Corresponding r e s u l t s  are 

5 , Approximate formulae 

I n  t h i s  s e c t i o n  w e  c o l l e c t  va r ious  u s e f u l  approximate express ions  o f  

t h e  s h i e l d e d  broadening €unct ions  

case, which is  t h e  most important i n  p r a c t i c e .  

r e s t r i c t i n g  ourse lves  t o  t h e  "diagonal" 

We begin wi th  asymptot ic  formulae f o r  A and a,  v a l i d  when z or /and  q 

These are obta ined  simply by s u b s t i t u t i n g  t h e  s t anda rd  expan- are l a r g e .  

s i o n s  of KO and K1 l8 i n t o  Eqs. (2.10) and (2.12). The l ead ing  terms are 

reqec t ivel  y 

9 (5.1) 
2 2  -2R A(z;q) n, ( 1 ~ / 2 ) ( l + z  /R ) R e 

I n  p a r t i c u l a r ,  if one is i n t e r e s t e d  i n  t h e  asymptot ic  behavior  f o r  p 4 m, 

then one must l e t  both z and q tend t o  i n f i n i t y ,  whi le  keeping t h e i r  r a t i o  

z/q = zD f i n i t e .  Thus, when z + m: 

-2Bz 
a ( z  ;2/zD) % (r/2B) (B+1/8) e 9 

where 8 = ( l + l / z D  2)% e 

On t h e  o t h e r  hand, f o r  p 4 0 one has  
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whereas A(z;z/z ) + 1. D 
The corresponding formulas f o r  B and b may b e  der ived from t h e  i n t e g r a l  

r e p r e s e n t a t i o n s  given i n  Sec. 4 .  L e t  us assume f i r s t  t h a t  only z , +  m ,  whi le  

q remains f i n i t e .  Af t e r  changing t h e  v a r i a b l e  i n  Eq. (4.29) t o  u = 2 R s i n e ,  

w e  expand it as follows: 

2 B = 22-R2 R If du KO(u) + 3R:;’ 1;: du u KO (u) 

2 2 2 R  1 
du u KO (u) + . . e 

5R +32 + 
128R5 f2q 

This i s  r e a d i l y  transformed i n t o  an asymptot ic  expansion by developing t h e  

c o e f f i c i e n t s  i n  powers of l/z and extending a l l  t h e  i n t e g r a t i o n s  t o  i n f i n -  

i t y .  Eventual ly  

where 

18 with  t h e  new func t ion  K i  def ined  by 1 
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S i m i l a r l y ,  from Eq, (4.29) one ob ta ins  

b (z ;q )  'L c l (q ) / z  + c3(4) /z3  + , z +- m 

where 

(5.10) 

(5.11) 

I n  t h e  l i m i t  q +- 0 w e  have cl(0) = ~ / 4 ,  c 3 ( 0 )  = 3 ~ / 3 2 ,  and Eq. (5.10) re- 

duces t o  t h e  asymptot ic  expansion of b ( z ) .  

The above procedure c l e a r l y  breaks down when q +- a, s i n c e  a l l  t h e  terms 

i n  Eq. (5.6) are then of t h e  same o rde r .  I f  z i s  kept  f i n i t e  E? asymptot ic  

e s t ima te  of B i s ,  however, r e a d i l y  obta ined  from Eq. (4.28) by n o t i c i n g  t h a t  

t h e  i n t e g r a t i o n  i n t e r v a l  s h r i n k s  as  q is  increased  ( ~ / 2  - a 'L z/q). 

al lows us t o  w r i t e  

This  

2 2  B(z;q) 2 (22  -2R cos 213) K0(2 R s i n a ) ( ~ / 2 - a )  

S imi l a r ly ,  from Eq. (4.30) w e  g e t  

(5.12) 

(5.13) 

Hence, when z << q both  B and b become exponent ia l ly  s m a l l  and depend l i n -  

e a r l y  on z .  

L e t  us consjrder now t h e  case when z and q tend toge the r  t o  i n f i n i t y  so  
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t h a t  t h e i r  r a t i o  z /q  = zD remains f i n i t e .  

b u t  t h e  i n t e g r a l s  i n  E q s .  (4.28) and (4.29) may b e  evaluated asymptot ica l ly  

I n  t h i s  case no shr inkage  occurs9  

on i n t e g r a t i n g  by p a r t s  Neglect ing h igher  o rde r  con t r ibu t ions  one f i n d s  

2 
B(z;z/zD) % (z/zD ) Kil(2z/zD). z -+ 00 (5 e 14) 

and 

A t  t h e  oppos i te  l i m i t ,  as p -+ 0 ,  from Eq. (4.28) one g e t s  B(z;z/z  ) -+ 0 D 
and E q .  (4.29) y i e l d s  

(5.16) 2 b (z;z/zD) -t a r c t a n  z - %zD/(l+zD ) , z -+ 0 D 

The las t  l i m i t  i s  2 1 ~ 1 2  f o r  z >> 1, and 2 zD/2  f o r  z D D << 1. 

6. Numerical r e s u l t s  

Numerical r e s u l t s  are not  presented h e r e  i n  t a b u l a r  form f o r  A ( z , q )  

and a(z ,zD)  s i n c e  the Bessel func t ions  on E q s .  (2.10) and (2.12) are so  

simple t o  c a l c u l a t e  ( see  Ref. 18, formulae 9.8.5, 9.8.6, 9.8.7 and 9.8.8). 

Tables 1 and 2 show c a l c u l a t e d  va lues  of B(z,q) and b (z , z  ) Where asymp- 

t o t i c  forms could not  b e  used, t h e s e  func t ions  were ca l cu la t ed  both  from 

t h e  formulae of E q s .  (4-28) and (4 .29 )  and from t h e  H i l b e r t  t ransform Eq. 

(3.5) [wi th  d i r e c t  i n t e g r a t i o n  of E q .  (4.26) t o  g ive  b(z ,zD)] .  The f i r s t  

procedure w a s  by f a r  t h e  s impler ,  however, o v e r a l l  agreement between t h e  

two methods of b e t t e r  than  2% w a s  ob ta ined .  

those  i n  t h e  t a b l e ,  s u f f i c i e n t  accuracy can be  obtained by us ing  t h e  f i r s t  

terms of E q s ,  (5.7) and (5.10). 

K1(z)I1(z)] and b(z,zD==) = a/2 - azKo(z) I1(~)  are t h e  s t r a i g h t  l i n e  

D 

For va lues  of z g r e a t e r  than  

2 Notice t h a t  B ( z , q - 0 )  = ITZ [KO(z)IO(z)- 
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r e s u l t s .  

l i g i b l e *  

B(z,q>lO) and b(z,zD<.002) are f o r  a l l  e f f e c t i v e  purposes neg- 

A ( z , q ) ,  B(z ,q)  and b (z ,q )  are p l o t t e d  i n  F igs .  2 ,  3 and 4 f o r  var- 

ious  va lues  of q(= p /p  = z /z . , ) ;  a ( z , q )  was no t  p l o t t e d ,  b u t  i t  d ive rges  

loga r i thmica l ly  a t  small z and q [Eq. (5.511. Notice i n  p a r t i c u l a r  t h a t  

D 

t h e  func t ions  g e t  s m a l l  r a p i d l y  when q > 1. This is  expected s i n c e  Eqs. 

(5.1) (5.2) (5.12) and (5.13) a l l  p r e d i c t  an exponent ia l  f a l l  o f f  when 

q >> 1. This  r ap id  cu tof f  when p ;t p c e r t a i n l y  t o  some ex ten t  j u s t i -  D' 

f i e s  t h e  usua l  procedure 2'12 f o r  t r e a t i n g  s h i e l d i n g  by a c u t o f f .  To 

f u r t h e r  test t h e  v a l i d i t y  of t h e s e  cu to f f  procedures ,  i n  F ig .  5 a func- 

t i o n  F(z ,q)  i s  p l o t t e d .  F ( Z , q )  i s  e s s e n t i a l l y  12 [b (z )  - b(zmax)] where 

o h .  Two cases are consfdered, f i r s t l v  p - and secondly - - 
max - p~ 

Z max 'max 

= 0.68 p D a  I n  both cases t h e  agreement between F(z,q)  and b ( z , q )  'max 

of Fig.  4 i s  s u r p r i s i n g l y  good. (Notice,  however, t h a t  F(z ,q)  = 0 f o r  

I n  f a c t ,  when p /p  < 0 .1  t h e  agreement f o r  t h e  p 
D max = 0.68 pD 

case  i s  b e t t e r  than  5%. This va lue  (0.68 p,) was chosen as t h e  cu tof f  

s i n c e  i t s  use  i n  [ a ( z )  - a(zmax)] exac t ly  reproduces a ( z , z  ) f o r  small  

z and z [see Eq. (5 .5) ] ,  as has  been noted i n  Ref. 7 .  Actua l ly ,  f o r  

D 

D 

q = p/pD < 0 . 1  t h e  agreement f o r  a l l  va lues  of z between [ a ( z )  - a(zmax> 1 
and a ( z , z  ) i s  aga in  always b e t t e r  than  about 4 % :  and f o r  q < 0 . 1  f o r  

both B(z,q) and A(z,q) t h e  d i f f e r e n c e  between t h e s e  func t ions  and t h e  un- 

sh i e lded  ones (q = 0) is  a l s o  very  small (see Figs .  2 and 3 ) .  W e  there-  

f o r e  conclude t h a t  t h e  usua l  cu tof f  procedures  should c e r t a i n l y  b e  ade- 

qua te  when s i m p l i c i t y  is  des i r ed  and when p / p  < 0.1  (whfch is t r u e  i n  

most ca ses  of phys i ca l  i n t e r e s t ) .  

D 

D 
However, w e  b e l i e v e  t h a t  t h e  func t ions  

presented h e r e  are of even g r e a t e r  u t i l i t y ,  e s p e c i a l l y  i f  p /p  

g e t  l a r g e  

should D 
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0 h h b b h h b h h Q w m N m m d a d Q O 4 c o r l a 3 m b d d b m m m c u d o O o o  
O O O O O O O O O O O O O m m c n w ~ b b o ~ ~ b o 4 c n 4 c n b d o o o o o o o  

N cn m m m cn m cn cn cn cn cn cn cn a3 m a3 co co 03 03 co h a m m 4, m @-! N* o* 0 0 0.0 ? 0 0.0 . . . . . . . . . . . . . . . . . . . . . . . . .  e .  

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . * * . . e . .  

d o o o o o o o m c n c n a 3 4 o m d a m o h . j ~ o o o o o o o o o o o o o o o o o  m m m m m m m 4 ~ 4 4 4 . ~ m m N ~ c u \ r , d o o o o o o o o o o o o o o o o o o  
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0  

. . . . . . . . . . . . e  D . . ~ 0 . . . . . . . . . . . . . . . . . . . . . ~ ~ ~ ~  

N o o o m m m m h h h a m d d o o o o o o o o o o o o o o o o o o o o o o o o  
0 d d d 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0  ' 0 0 0 0 0 0 0 0 0 0 0 0 0 0.0 0.9 0 oeo* 0.0 0 0 0 0 0 0 0.0 0 0 0 0 0 0 0 0 

o . . . . . . . . . . . .  . . . I ) . . .  . . .  e * . . * .  

o d c u m 4 m w b c Q m o o o o o o o o o o o o o o o o o o o o o o o o o o o o  
o o o o o o o o o o d N m ~ m w h c o c n o o o o o o o o o o o o o o o o o o o  

d N m 4 m w h w m o  
d 

O O O O O O O O O O O O O O O O O ~ O ~ r l N ~ 4 ~ ~ b ~ ~ O O O O O O O O O ~ ~  
D * . . . . * . . . O * . . . .  0 . % . . . 0 * . . 0 0 . . . . . .  
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APPENDIX 

FORTRAN Programs f o r  B ( z , q )  and b(z,z,)  

(Written by U. Palmer, J o i n t  I n s t i t u t e  fo r  Laboratory A s t r o p h y s i c s )  

Y 

b ( z , z D )  

b ( z , z D )  i s  calculated by FUNCTION FOFZZD(Z,ZD) 

A s a m p l e  FORTRAIN CALL: B = FOFZZD(Z,ZD) 

FUNCTION FOFZZD requires t h e  f o l l o w i n g  seven rou t ines  and a data deck 

m a r k e d  b ( z  zD) 

1. FUNCTION B 2 ( Z )  

2 .  FUNCTION FACT(N) 

3 .  SUBROUTINE K I l ( X , C A Y )  

4 .  SUBROUTINE INTERP(NX,NY,X,Y,Z,R,S,T) 

5. 

6 .  SUBROUTINE B E S S K ( X , C K E , E I )  

7 .  SUBROUTINE B E S S I ( X , E I )  

8.  data deck b(z,zD) 

SUBROUTINE LAGRANG(NPTS ,X,Y ,NP ,LAP , I S T A R T  , IEND,LEND,R,V)  

B(z ,q )  

B.(z , q )  i s  calculated by FUNCTION FOFZQ(ZZ ,QQ) 

A sample FORTRAN CALL: 

The f o l l o w i n g  rou t ines  are needed by FUNCTION FOFZQ(ZZ,QQ) 

B = FOFZQ(Z,Q)  

A. SUBROUTINE I N T P B  

B . 
C. 

D. data deck m a r k e d  B ( Z , Q )  

FUNCTION BQASYM (Z  Q) 

ROUTINES numbered 2-7 on the l ist  f o r  b (z , zD)  
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Use of FUNCTIONS FOFZQ(ZZ,QQ) and FOFZZD(Z,ZD) 

b(z ,zD)  and B(z,q)  are c a l c u l a t e d  by i n t e r p o l a t i n g  i n  t a b l e s  B(Z,ZD) 

and B(Z,Q) r e spec t ive ly .  Accuracy w i t h i n  t h e  B(z ,q )  t a b l e  exceeds 2%. 

When b ( z , z  ) exceeds 0.01 t h e  accuracy is  a l s o  b e t t e r  than  2%, between 

0.01 and 0.001 t h e  f i r s t  non-zero d i g i t  i s  d e f i n i t e l y  s i g n i f i c a n t  and, 

D 

when less than 0.001, b(z ,zD)  = 0 w i l l  b e  re turned .  

vided by t h e  d a t a  decks marked b ( z  9zD) and B ( z  $9) * 

The t a b l e s  are pro- 

The f i r s t  c a l l  t o  e i t h e r  r o u t i n e  w i l l  cause t h e  reading  of i t s  own 

d a t a  deck. 

care must b e  taken i n  a r ranging  t h e  d a t a .  

When i n s e r t i n g  t h e  r o u t i n e s  i n t o  an a l ready  e x i s t i n g  program, 

Therefore ,  i t  would b e  b e s t  

t o  make dummy ca l l s  t o  FOFZZD and FOFZQ i n  t h e  beginning of t h e  main pro- 

gram and a t  t h e  same t i m e  p l ac ing  t h e  d a t a  decks a t  t h e  start  of t h e  pro- 

gram's whole d a t a  set. 

For example: 

PROGRAM: PROGRAM MAIN 

DUMMY = FOPZQ(2.0,Z.O) causes  reading of t a b l e  B(Z,Q) and 

s t o r e s  B(2.0,Z.O) i n t o  DUMMY 

DUMMI = FOFZZD(2,0,2.0) causes  reading  of t a b l e  b(z ,zD) and 

s t o r e s  b(2.0,2.0) i n t o  DUMMI 

res t  of program 

END 

DATA: Table B(Z ,Q)  

Table b (z,zD) 

rest of d a t a  f o r  Program Main 
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DATA DECK FOR b (z zD) 
3 A  21 3 4  

00 O e O O f  -3009 0 0 0 3  0004 €3005 COOP, 0007 e O O ?  -3 000 
e o 1  e 0  7 e 0 3  a 01 0 0 9  .Oh e07 C O B  0?9 e l  
a 7  0 3  e 4  e 5  o h  e 7  e q  e 9  l o  ? e  

e 1 5 2 3  e1521 
a1183 41.134 
eUUU6 O e O O O O  

e 2 6 2 0  02619 
a 2 3 0 7  a9256 
.vu99 00002 
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P a  
e5354 . 4 147 

a5321 
e3762 
e O O O ?  

e 5346 
e 5296 
09164 

000000 

a 5346 
.5265 
a 2629 

Oe000C) 

e 5345 
a5187 
e 1774 

r) e 0000 

, 5314 
e 5143 
e 1446 

ooccnO 

e5339 
04396 
eo0 11 

1 e 5 0 0 0  
e 75 20 
a7509 
e6518 
00074 

20 
e 9072 
e9063 
e 8040 
001 A ?  

3 0000 
1 eo990 
1.0985 

a QQ?3 
00463 

5 0  
1 e 2773 
103768 
l e  1687 
e0947 
100 

1.42 16 
l e 4 2 1 1  
1.3117 

e7515 
* 7435 
,4430 . 0001 

e 90 70 
e 8989 
e 5777 
0 0 0 0 5  

e7515 
a7399 
a3826 

OeOO00 

07514 
o 7357 
o 3287 

04 0000 

07512 a7511 07510 
e7263 e7212 e7157 
.2(+UU e2043 e9388 

u . 0 0 (1 0 

e7516 
a7491 
a 5 804 
a 0 0 1  5 

e 9070 
09046 
e7282 
a 0 0 5 2  

07513 
e7312 
e2813 

u .UO"O 

09067 
e 8864 
e391 3. 

0 . 0000 

e S O h 5  
a8761 
2974 

e W k 7  
e e814 
e 341 3 

0.0000 

e9054 
e8705 
00730 

1.0 992 
1 e 0967 

,0177 
e9125 

1 ,0992 
1 e0942 
e 8299 
00073 

1.0991 
1 eU8?3 
06731 
eo014 

1.0990 
100783 

5381 . 0003 

1.8989 
1.0732 . 4796 . 000 1 

leO?8R 
1.057a 
04271 

1.0986 
1.0620 

01 346 

1.277U 
1 e 2457 

5623 

1.2775 
1 e2725 
e9988 
e0251 

1 e 2775 
1 2692 
e9135 
00142 

1.2774 
102654 

0 8 3 7 3  
00083  

1 e 2773 
1.2611 
e7558 
.GO69 

1.2772 
1.2563 . A854 
00030 

1.2771 
1.2512 
06209 
000 18 

1.2769 
1.2308 
a2163 

1,4217 
1.3397 
,6836 

1.4218 

1.2269 
1 e4193 

1 .1218 
1 e4167 
1.1382 

1.4217 
1 4136 
100501 

1 04216 
1 e4052 

e 8870 

1.4215 
1 . 4005 
081.34 

1.4214 
1.3957 

e 7456 
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DATA DECK FOk B( 2 ,  q) 
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I e 7 9 3 8 E - 0 3  
& e 4 6 6 3 E-O 3 
3 '(I ? E! (> 2 E- 3 2 
? e 0 2 92E-0 1 
5 B 587uE-O 1 
2 a S Q 3 ,? E-O 1 
6 e 2 2 21  E-u 2 



5 e 9471E-06 
203788E-05 
104863E-06  
5 e 918 2E-04 
2e1994E-03 
3 e 6102E-03 
l e0415E-03  
2e9P52E-04 

7. ?SG6E-0? 
2 e 94 ‘8E-GI !  
1 177FE-0 r‘ 
7.22Q3E-G? 
1 a 5908E-U6 
2c1?5”-Uhe  
5 * 0 1 G 0 E-u 7 


